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Abstract
We study some algebraic properties of a class of group presentations depending on a finite num-
ber of integer parameters. This class contains many well-known groups which are interesting from
a topological point of view. We find arithmetic conditions on the parameters under which the con-
sidered groups cannot be fundamental groups of hyperbolic 3-manifolds of finite volume. Then we
investigate the asphericity for many presentations contained in our family.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we shall consider a class of cyclically presented groups Gεn(m,k,h), where
ε = (a, b, r, s) ∈ Z4, n 2, and the integer parameters m, k and h are taken modulo n. The
groups Gεn(m,k,h) have generators x1, . . . , xn and defining relations
xai x
b
i+kx
a
i+h+m =
(
xri+hxri+m
)s (1.1)
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42 A. Cavicchioli et al. / Journal of Algebra 286 (2005) 41–56for i = 1, . . . , n (subscripts mod n). This class of groups contains well-known groups con-
sidered by several authors, and it is related to the topology of closed connected orientable
3-manifolds. We first illustrate some examples of this connection.
(1) If a = b = s = 1, r = 2 and h = 0, then the groups Gεn(m,k,h) have defining rela-
tions
xixi+m = xi+k.
This class of groups was introduced in [5], and subsequently studied in [1] and [6]. It con-
tains many well-known groups, e.g., the Fibonacci groups F(2, n), for m = 1 and k = 2,
the Sieradski groups S(n), for m = 2 and k = 1, and the Gilbert–Howie groups, for k = 1
(see [8], [21] and [9], respectively). For n  4 even, the group F(2, n) is the fundamen-
tal group of a closed connected orientable 3-manifold. This manifold can be represented
as the n/2-fold cyclic covering of the 3-sphere branched over the figure-eight knot [13].
Moreover, the manifold has a hyperbolic structure for every n  8 (even) [11]. On the
other hand, if n is odd, then F(2, n) cannot be the fundamental group of any hyperbolic
3-orbifold (in particular, 3-manifold) of finite volume [15]. For every n 2, the group S(n)
is the fundamental group of the n-fold cyclic covering of the 3-sphere branched over the
trefoil knot [4]. Arithmetic conditions on the parameters n and m for which the Gilbert–
Howie groups are aspherical can be found in [9].
(2) If h = k = s = 0 and m = 1, then the groups Gεn(m,k,h) have defining relations
x
p
i = xqi+1
where p = a+b and q = −a are integers. This class of groups was studied by Heil in [10].
He proved that if |p| = |q|, |p| = 1 and |q| = 1, then for every n 3 the group is not the
fundamental group of any 3-manifold (see Proposition 1 of [10]).
(3) If h = k = r = s = 1, m = 0 and b = 1 − a, then the groups Gεn(m,k,h) have
defining relations
xai = xi+1xix−1i+1.
For a = 2, these groups were first introduced by Higman in [12] (see also [18, pp. 546–
548]). In [20] Schafer proved that for n = 4 the Higman group is not a 3-manifold group.
Setting yi = x−1i , the initial group have the defining relations
y−ai = y−1i+1y−1i yi+1.
For a = −2, these groups were first considered by Mennicke in [17]. Therefore, we call
the groups in (3) the Higman–Mennicke groups, denoted by HMn(a).
(4) If h = m = s = 1, k = 0 and b = −2a, then the groups Gεn(m,k,h) have defining
relationsxai x
2r
i+1 = xai+2.
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denoted by F 2r/a(n). For n  4 even and 2r coprime to a, F 2r/a(n) is the fundamental
group of a closed connected orientable 3-manifold. This manifold can be obtained by Dehn
surgery with rational coefficients 2r/a and −2r/a on the components of an oriented link in
the 3-sphere. The link is formed by a chain of n (even) unknotted circles, each one of them
is linked with exactly two adjacent components with alternating crossings. If further a = 1,
then these manifolds are examples of generalised Fibonacci manifolds [16]. Moreover, it
was proved in [16] that such manifolds are hyperbolic for almost all r .
(5) If h = k = m = s = 1 and a = 2r , then the groups Gεn(m,k,h) have defining rela-
tions
x
p+q
i+1 = x−qi xqi+1x−qi+2
where q = 2r and p = b − 2r . If p and q are coprime, then these groups are fundamen-
tal groups of closed connected orientable 3-manifolds which are examples of Takahashi
manifolds (see [19] and [22]). Such manifolds can be represented as n-fold branched cov-
erings of the lens space L(p + 2q, q) (including the 3-sphere when p + 2q = ±1). Setting
yi = x−1i gives the defining relations
y
−p−q
i+1 = yqi y−qi+1yqi+2.
Taking the inverse relation we get
y
p+q
i = y−qi+1yqi y−qi−1.
If p = 4r − 1 and q = 1 − 2r , then we obtain the defining relations of the groups
Gεn(m,k,h), for h = k = m = −s = −1 and a = −b = 2r − 1, that is,
y2r−1i+1 y
−2r+1
i y
2r−1
i−1 = y2ri .
For r  1, these groups are fundamental groups of the n-fold cyclic coverings of the
3-sphere branched over the 2-bridge knot (8r − 3)/2 (see [7]). In particular, if r = 1,
then the knot 5/2 is the figure-eight knot, so we again obtain the Fibonacci manifolds.
Furthermore, the manifolds are hyperbolic for r  2, n 3 and r = 1, n 4.
2. Algebraic properties
In this section we present some algebraic properties of the groups Gεn(m,k,h), where
ε = (a, b, r, s) ∈ Z4, n  2, and k, h and m are reduced mod n. We consider repetitions
within the family and prove that in some cases our groups decompose into non-trivial free
products.
Lemma 2.1. There are isomorphisms
ε εGn(m,k,h)
∼= Gn(n − m,k + 2n − h − m,n − h).
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(
x−1i+h+m
)a(
x−1i+k
)b(
x−1i
)a = ((x−1i+m)r(x−1i+h)r)s
hence
yai+h+my
b
i+ky
a
i =
(
yri+myri+h
)s
.
Setting j = i + h + m we can write the system of the defining relations in the form
yaj y
b
j+k−h−my
a
j−h−m =
(
yrj−hyrj−m
)s
where j = 1, . . . , n (subscripts mod n). Since the lower indices are taken mod n we can
write
yaj y
b
j+k+2n−h−my
a
j+2n−h−m =
(
yrj+n−hyrj+n−m
)s
which defines the groups Gεn(n − m,k + 2n − h − m,n − h). 
Lemma 2.2. If n and k are coprime, then the group Gεn(m,k,h) is isomorphic to
Gεm(±mk′,1,±hk′), where kk′ ≡ ±1 (mod n).
Proof. Let n and k be coprime. Then we can re-order the generators of Gεn(m,k,h) by
defining
yi = x1+(i−1)k
for i = 1, . . . , n. Of course, the set {y1, . . . , yn} coincides with the set {x1, . . . , xn}. The
relations of Gεn(m,k,h) can be written in the form
xa1+(j−1)kx
b
1+jkx
a
1+(j−1)k±(h+m)kk′ =
(
xr1+(j−1)k±hkk′x
r
1+(j−1)k±mkk′
)s
hence
yaj y
b
j+1y
a
j±(h+m)k′ =
(
yrj±hk′y
r
j±mk′
)s
for j = 1, . . . , n (subscripts mod n). These relations define Gεn(±mk′,1,±hk′). 
Lemma 2.3. If gcd(n,h) = 1 or gcd(n,m) = 1, then there are isomorphisms Gεn(m,k,h) ∼=
Gεn(±mh′,±kh′,1) or Gεn(m,k,h) ∼= Gεn(1,±km′,±hm′), where hh′ ≡ ±1 (mod n) or
mm′ ≡ ±1 (mod n), respectively.
The proof of Lemma 2.3 is analogous to that of Lemma 2.2.
Lemma 2.4. For any positive integer , the group Gεn(m, k,h) is isomorphic to thefree product of  copies of Gεn(m,k,h).
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elements
xj , xj+, . . . , xj+(n−1)
which may be not all distinct. Then Gεj is isomorphic to Gεn(m,k,h). Of course, if j = j ′,
then the sets of generators of the groups Gεj and G
ε
j ′ are disjoint. From the presentation of
the group Gεn(m, k,h), it follows that it is isomorphic to the free product G
ε
1 ∗ · · · ∗
Gε. 
By Lemma 2.4 we shall only consider groups Gεn(m,k,h) whose parameters (taken
mod n) satisfy 0  m,k,h,m + h < n and gcd(n,m, k,h) = 1 (also without an explicit
mention).
Lemma 2.5. For a given group Gεn(m,k,h), denote u = gcd(n, k,h), u¯ = gcd(n, k),
v = gcd(u, k − h − m), and v¯ = gcd(u¯, k − m,k − h). If gcd(u, v) > 1 (respectively
gcd(u¯, v¯) > 1), then Gεn(m,k,h) decomposes into a non-trivial free product.
Proof. Suppose for example ρ = gcd(u, v) > 1. Then the integers n, m, k and h have ρ
as a common divisor. So the statement follows from Lemma 2.4. The other case is analo-
gous. 
Theorem 2.6. Suppose that ρ = gcd(n, k − h − m) divides k′ and there exist positive
integers α, β , γ and δ such that
α + β(k − h − m) ≡ 1 − m (mod n),
γ + δ(k − h − m) ≡ 1 − h (mod n),
α + βk′ ≡ 1 + m′ (mod n),
γ + δk′ ≡ 1 + h′ (mod n)
where 1 α,γ  ρ and 1 β, δ  n/ρ. Then Gεn(m,k,h) is isomorphic to Gεn(m′, k′, h′).
Proof. By Lemma 2.1, the group Gεn(m,k,h) has a finite presentation with generators
y1, . . . , yn, and defining relations
yai y
b
i+k−h−my
a
i−h−m =
(
yri−hyri−m
)s
for i = 1, . . . , n. We set  = n/ρ, where ρ = gcd(n, k − h − m). Then we separate the
generators y1, . . . , yn into ρ sets A1, . . . ,Aρ of  elements each one, where
Aj = {yj , yj+k−h−m, . . . , yj+(−1)(k−h−m)}
for j = 1, . . . , ρ. This gives a partition of the relations into ρ sets R1, . . . ,Rρ of  elements
each one, where Rj is formed by
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b
j+k−h−my
a
j−h−m =
(
yrj−hyrj−m
)s
,
yaj+k−h−my
b
j+2(k−h−m)y
a
j+k−2(h+m) =
(
yrj+k−m−2hyrj+k−h−2m
)s
,
...
yaj+(−1)(k−h−m)y
b
j+(k−h−m)y
a
j+(−1)k−(h+m) =
(
yrj+(−1)(k−m)−hy
r
j+(−1)(k−h)−m
)s
.
Observe that yj+(k−h−m) = yj for every j = 1, . . . , ρ because (k − h−m) = (n/ρ)(k −
h−m) is congruent to zero mod n. Therefore, for each relation of Rj the first two terms on
the left side belong to Aj . Let us consider the presentation of Gεn(m′, k′, h′) with generators
z1, . . . , zn, and defining relations
zai z
b
i+k′z
a
i+h′+m′ =
(
zri+h′z
r
i+m′
)s
.
We separate the generators z1, . . . , zn into ρ sets B1, . . . ,Bρ of  elements each one, where
Bj = {zj , zj+k′ , . . . , zj+(−1)k′ }
for every j = 1, . . . , ρ. As above, we obtain a partition of the defining relations of
Gεn(m
′, k′, h′) into ρ sets S1, . . . , Sρ of  elements each one, where Sj is formed by
zaj z
b
j+k′z
a
j+h′+m′ =
(
zrj+h′z
r
j+m′
)s
,
zaj+k′z
b
j+2k′z
a
j+k′+h′+m′ =
(
zrj+k′+h′z
r
j+k′+m′
)s
,
...
zaj+(−1)k′z
b
j+k′z
a
j+k′+h′+m′ =
(
zrj+(−1)k′+h′z
r
j+(−1)k′+m′
)s
.
Since ρ divides k′, we have zj+k′ = zj for every j = 1, . . . , ρ. Therefore, for each relation
of Sj the first two terms on the left side belong to Bj . Let us define the correspondence ψ
from Gεn(m,k,h) onto Gεn(m′, k′, h′) by its action on the generators, i.e.,
ψ(yj+τ(k−h−m)) := zj+τk′
for 1 j  ρ and 0 τ  − 1. We check that each defining relation of Gεn(m,k,h) goes
under ψ to a defining relation of Gεn(m′, k′, h′), hence ψ is a group homomorphism. Let
us consider the first relation of R1, that is,
ya1y
b
1+k−h−my
a
1−h−m =
(
yr1−hyr1−m
)s
.
By hypothesis there exist positive integers α, β , γ and δ such thatα + β(k − h − m) ≡ 1 − m (mod n)
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γ + δ(k − h − m) ≡ 1 − h (mod n).
Therefore, the relation above can be written in the form
ya1y
b
1+k−h−my
a
α+γ−1+(β+δ)(k−h−m) =
(
yrγ+δ(k−h−m)y
r
α+β(k−h−m)
)s
.
The image of this relation under ψ is
za1z
b
1+k′z
a
α+γ−1+(β+δ)k′ =
(
zrγ+δk′z
r
α+βk′
)s
.
Using the hypotheses
α + βk′ ≡ 1 + m′ (mod n),
γ + δk′ ≡ 1 + h′ (mod n)
we get the relation
za1z
b
1+k′z
a
1+m′+h′ =
(
zr1+h′z
r
1+m′
)s
.
This is the first relation of S1, i.e., a defining relation of Gεn(m′, k′, h′). To complete the
proof, it suffices to observe that all the defining relations of Gεn(m,k,h) (respectively
Gεn(m
′, k′, h′)) arise from the first one under cyclic permutations of the suffices. Therefore,
ψ is a group homomorphism. It is easily seen that ψ is invertible, so it is an isomor-
phism. 
If h = h′ = 0, then the conditions of Theorem 2.6 become
α + β(k − m) ≡ 1 − m (mod n),
γ + δ(k − m) ≡ 1 (mod n),
α + βk′ ≡ 1 + m′ (mod n),
γ + δk′ ≡ 1 (mod n)
where ρ = gcd(n, k − m) divides k′. So we can choose γ = 1 and δ = n/ρ. This gives the
following result which extends [1, Theorem 2.1], for which ε is (1,1,2,1).
Corollary 2.7. Suppose that ρ = gcd(n, k − m) divides k′ and there exist positive integers
α and β such that
α + β(k − m) ≡ 1 − m (mod n),
α + βk′ ≡ 1 + m′ (mod n)
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every ε = (a, b, r, s) ∈ Z4.
As a particular case of Corollary 2.7 we obtain a result which extends [9, Lemma 2.1],
for which ε is (1,1,2,1).
Corollary 2.8. Let n and m be positive integers such that m< n and n is coprime to m−1.
Let m′ be an integer such that 0m′ < n and (m− 1)m′ ≡ m (mod n). Then Gεn(m,1,0)
and Gεn(m′,1,0) are isomorphic for any ε = (a, b, r, s) ∈ Z4.
Proof. Apply Corollary 2.7 for ρ = α = k = k′ = 1 and β = m′. 
Example. There are isomorphisms
Gε7(2,6,3) ∼= Gε7(3,2,1) ∼= Gε7(1,3,5) ∼= Gε7(6,4,2).
Let n = 7, (m, k,h) = (2,6,3), (m′, k′, h′) = (3,2,1), (m′′, k′′, h′′) = (1,3,5), and
(m′′′, k′′′, h′′′) = (6,4,2). Then we have ρ = gcd(n, k − h − m) = gcd(7,1) = 1. We can
take α = γ = 1, β = 5 and δ = 4 to satisfy the conditions of Theorem 2.6.
The following arises in a natural way from the arguments discussed above:
Problem 2.9. Find a finite system of arithmetic conditions on the parameters which com-
pletely determines the isomorphism type of the group Gεn(m,k,h).
3. Groups Gεn(m,k,h) with n odd
The following is our main result.
Theorem 3.1. Suppose that n and b are odd and n is coprime with 2k − h − m. Then
the group Gεn(m,k,h) cannot be the fundamental group of any hyperbolic 3-orbifold (in
particular, 3-manifold) of finite volume.
Proof. Let Gεn = Gεn(m,k,h) be the fundamental group of a hyperbolic 3-dimensional
orbifold (in particular, 3-manifold) of finite volume. Then there is a faithful representation
f :Gεn → Isom
(
H
3)
such that Fεn = f (Gεn) is a hyperbolic group, that is, a discrete group of finite covolume.
Of course, Fεn admits the automorphism θ which cyclically permutes the generators, i.e.,
θ(xi) = xi+1 (subscripts mod n). By abuse of language we denote the generators of Gεn
and Fεn with the same symbols. By the Mostow rigidity theorem there exists an isometry
t ∈ Isom(H3) such that θ(u) = t−1ut for every u ∈ Fεn . Let us consider the split extension
of Fεn by the cyclic group generated by t , and denote it by Eεn. Then Eεn is the fundamental
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with all elements of the non-elementary Kleinian group Fεn . So tn belongs to the center
of Fεn which is trivial by [2]. Therefore, t is of order n′, where n′ divides n. Substituting
xi+1 = t−1xit = t−ix1t i in the initial relation of Fεn :
xa1x
b
1+kx
a
1+h+m =
(
xr1+hxr1+m
)s
yields
xa1 t
−kxb1 t
k−h−mxa1 t
h+m = (t−hxr1 th−mxr1 tm)s . (3.1)
Obviously, the split extension Eεn has a finite presentation with generators x1 and t , and
relations tn′ = 1 and (3.1). Let us consider the subgroup (Eεn)(2) generated by the squares
of the elements in Eεn. If n (and hence n′) is odd, then t ∈ (Eεn)(2). The element on the right
side of (3.1) belongs to (Eεn)(2) as
(
t−hxr1 th−mxr1 tm
)s = (t−h(xr1 th−m)2t2m−h)s ∈ (Eεn)(2).
For the left side of (3.1) we have
xa1 t
−kxb1 t
k−h−mxa1 t
h+m
= x−b1
(
xa1
)2
tk
(
t−kxb−a1
)2(
xa1 t
k−h−m)2t2(h+m)−k ∈ (Eεn)(2).
Since (xa1 )
2tk(t−kxb−a1 )2(x
a
1 t
k−h−m)2t2(h+m)−k ∈ (Eεn)(2), it follows that x1 belongs to
(Eεn)
(2) when b is odd. Therefore, the hypotheses imply Eεn = (Eεn)(2), i.e., Eεn is a sub-
group of the group PSL(2,C) of orientation-preserving isometries of H3. Let us denote by
P(A) the image in PSL(2,C) of a matrix A ∈ SL(2,C) under the 2-fold covering
P : SL(2,C) → PSL(2,C) = SL(2,C)/{±I2}.
Since t is of order n′, we can assume without loss of generality that
t = P
(
ϕ 0
0 ϕ−1
)
where ϕ is a primitive root of the unity in C of degree 2n′. Let
x1 = P
(
x y
z w
)
with xw − yz = 1. Since Fεn is of finite covolume, we have yz = 0. For any j we have
(
x y
)j (
Sj yRj
)
z w
=
zRj Tj
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SjTj − yzR2j = 1. (3.2)
Now we substitute the above matrices in relation (3.1). From the element on the left side
we get
A =
(
a11 a
1
2
a21 a
2
2
)
=
(
x y
z w
)a (
ϕ−k 0
0 ϕk
)(
x y
z w
)b (
ϕk−h−m 0
0 ϕh+m−k
)
×
(
x y
z w
)a (
ϕh+m 0
0 ϕ−h−m
)
=
(
Sa yRa
zRa Ta
)(
ϕ−k 0
0 ϕk
)(
Sb yRb
zRb Tb
)(
ϕk−h−m 0
0 ϕh+m−k
)
×
(
Sa yRa
zRa Ta
)(
ϕh+m 0
0 ϕ−h−m
)
=
(
ϕ−kSa yϕkRa
zϕ−kRa ϕkTa
)(
ϕk−h−mSb yϕh+m−kRb
zϕk−h−mRb ϕh+m−kTb
)(
ϕh+mSa yϕ−h−mRa
zϕh+mRa ϕ−h−mTa
)
hence
a11 = S2aSb + yzϕ2kRaRbSa + yzϕ2(h+m−k)RaRbSa + yzϕ2(h+m)R2aTb,
a12 = yϕ−2(h+m)RaSaSb + y2zϕ2(k−h−m)R2aRb + yϕ−2kRbSaTa + yRaTaTb,
a21 = zRaSaSb + zϕ2kRbSaTa + yz2ϕ2(h+m−k)R2aRb + zϕ2(h+m)RaTaTb,
a22 = yzϕ−2(h+m)R2aSb + yzϕ2(k−h−m)RaRbTa + yzϕ−2kRaRbTa + T 2a Tb.
From the element on the right side of (3.1) we obtain
A =
(
a11 a
1
2
a21 a
2
2
)
=
((
ϕ−h 0
0 ϕh
)(
Sr yRr
zRr Tr
)(
ϕh−m 0
0 ϕm−h
)(
Sr yRr
zRr Tr
)(
ϕm 0
0 ϕ−m
))s
=
((
ϕ−hSr yϕ−hRr
zϕhRr ϕ
hTr
)(
ϕhSr yϕ
h−2mRr
zϕ2m−hRr ϕ−hTr
))s
=
(
S2r + yzϕ2(m−h)R2r yϕ−2mRrSr + yϕ−2hRrTr
zϕ2hRrSr + zϕ2mRrTr yzϕ2(h−m)R2r + T 2r
)s
(
Ss (yϕ
−2mRrSr + yϕ−2hRrTr)Rs
)
=
(zϕ2hRrSr + zϕ2mRrTr)Rs T s .
A. Cavicchioli et al. / Journal of Algebra 286 (2005) 41–56 51Equating the corresponding elements of the resulting matrix (and using yz = 0) we
obtain


ϕ−2(h+m)RaSaSb + yzϕ2(k−h−m)R2aRb + ϕ−2kRbSaTa + RaTaTb
= (ϕ−2mRrSr + ϕ−2hRrTr)Rs,
RaSaSb + ϕ2kRbSaTa + yzϕ2(h+m−k)R2aRb + ϕ2(h+m)RaTaTb
= (ϕ2hRrSr + ϕ2mRrTr)Rs.
Multiplying the first (respectively second) equation by ϕ2h (respectively ϕ−2m) yields


ϕ−2mRaSaSb + yzϕ2(k−m)R2aRb + ϕ2(h−k)RbSaTa + ϕ2hRaTaTb
= (ϕ2(h−m)RrSr + RrTr)Rs,
ϕ−2mRaSaSb + ϕ2(k−m)RbSaTa + yzϕ2(h−k)R2aRb + ϕ2hRaTaTb
= (ϕ2(h−m)RrSr + RrTr)Rs.
Subtracting the equations we get
ϕ2(h−k)Rb
(
SaTa − yzR2a
)− ϕ2(k−m)Rb(SaTa − yzR2a)= 0
hence
(
ϕ2(h−k) − ϕ2(k−m))Rb = 0,
by using (3.2). Since Fεn is of finite covolume and xb1 ∈ Fεn , we have yzR2b = 0. Thus the
last equation gives
ϕ2(2k−h−m) = 1.
But ϕ is a primitive root of the unity in C of degree 2n′, and n′ is coprime to 2k − h − m.
This gives a contradiction. Therefore, Gεn cannot be the fundamental group of a hyperbolic
3-orbifold (respectively 3-manifold) of finite volume. 
Corollary 3.2. Suppose that the automorphism θ which cyclically permutes the generators
of Gεn(m,k,h) is exactly of order n. If n and b are odd and n does not divide 2k − h − m,
then Gεn(m,k,h) cannot be the fundamental group of any hyperbolic 3-orbifold (respec-
tively 3-manifold) of finite volume.
The conditions of Corollary 3.2 are satisfied for example by the Fibonacci groups
F(2, n) = Gεn(m,k,h), where ε = (a, b, r, s) = (1,1,2,1), m = 1, k = 2, h = 0, and n
is odd and greater than 3. (If n = 3, then F(2, n) is a finite group.) As special cases of The-
orem 3.1 and Corollary 3.2, one can obtain the results on the non-hyperbolicity of certain
groups of Fibonacci type proved in [1,6,15]. As a further result, we have
Corollary 3.3. Let HMn(a) be the Higman–Mennicke group with generators x1, . . . , xn
and defining relations xai = xi+1xix−1i+1 for i = 1, . . . , n (subscripts mod n). If a is even
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(respectively 3-manifold) of finite volume.
The following arises in a natural way from the above results:
Problem 3.4. Determine all values of the parameters ε = (a, b, r, s), m, k and h for which
Gεn(m,k,h) is the fundamental group of closed connected orientable 3-manifolds for infi-
nitely many n. Then classify the topological and geometric structures of such manifolds.
4. Asphericity
In this section we investigate the asphericity for groups Gεn(m,k,h), where a = b = 1
and s = 0. These groups, denoted in short by Gn = Gn(k, ), have generators x1, . . . , xn,
and defining relations xixi+kxi+ = 1, where  = h + m. By Lemma 2.1 there are isomor-
phisms Gn(k, ) ∼= Gn(k − ,n − ). By Lemma 2.4 we assume gcd(n, k, ) = 1. If k = 0
or k = , then Gn(k, ) is a cyclic group of order |(−2)n − 1|. Then the parameters can be
chosen so that 0 < k <  < n and gcd(n, k, ) = 1. Form the split extension En = En(k, )
by Zn. Here Zn acts by cyclic permutation of the generators x1, . . . , xn. If Zn is gener-
ated by σ , and we set x = x1 in Gn, then En is generated by x and σ , and has the finite
presentation
〈
x,σ : σn = 1, xσ−kxσ k−xσ  = 1〉.
We can regard En as a relative presentation in the sense of [3], i.e.,
〈
H,x: xσ−kxσ k−xσ  = 1〉,
where H = 〈σ : σn = 1〉 ∼= Zn.
Lemma 4.1. If the relative presentation of En(k, ) is aspherical, then the absolute pre-
sentation of Gn(k, ) is also aspherical.
Proof. Let P be a spherical picture over Gn (see [3] for more details on pictures over
relative presentations and aspherical relative presentations). Replace each disc (Fig. 1) of
P by the picture Qi (Fig. 2) over En regarded as an absolute presentation. Here we have
replaced each arc labelled xi by a sequence of arcs with total label σ−(i−1)xσ i−1. The arcs
of Qi having both endpoints on the boundary can be made into floating circles. Thus they
can be deleted from the resulting picture. Then the remaining arcs labelled σ are deleted
and replaced by corner labels on the discs of the picture Qi (Fig. 3). In this way we obtain
a picture Q over the relative presentation of En. Since the relative presentation of En is
aspherical, it must contain a dipole, i.e., a pair of oppositely oriented discs, connected
by an arc of the picture, which carry inverse labels when read from the connecting arc
(Fig. 4). It is easy to see that any such dipole in Q must arise from a pair of identical
but oppositely oriented discs in P which were connected by an arc labelled xi for some i.
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Fig. 4. A dipole in the spherical picture Q.
Furthermore, two bridge moves in P produce a cancelling pair of discs. Therefore, any non-
empty spherical picture over Gn is equivalent to one having two fewer discs. This implies
that the absolute presentation of Gn is aspherical. 
To study the asphericity of the relative presentation of En we use the following result
due to Bogley and Pride (see [3, Theorem 3.1]).
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at least two elements. The relative presentation
〈H,x: xa1xa2xa3 = 1〉
is aspherical if and only if neither of the following conditions holds:
(1) For i = 1,2,3, aia−1i+1 has finite order pi > 0 (subscripts mod 3), and
1
p1
+ 1
p2
+ 1
p3
> 1.
(2) There exist j ∈ {1,2,3}, p > 2, and 0 α < p such that
sgp
{
aia
−1
i+1: i = 1,2,3
}
is finite cyclic with generator aja−1j+1 of order p, and aj+1a−1j+2 = (aj a−1j+1)α , where
either
(2.1) α = 1;
(2.2) p = α + 2 or p = 2α + 1; or
(2.3) p = 6 and α = 2 or 3.
We apply this result to our case when a1 = σ−k , a2 = σk− and a3 = σ. Then a1a−12 =
σ−2k , a2a−13 = σk−2 and a3a−11 = σk+ have orders
p1 = ngcd(n,  − 2k) , p2 =
n
gcd(n, k − 2) , and p3 =
n
gcd(n, k + ) ,
respectively. Then we have
Theorem 4.3. Let Gn(k, ) be the cyclically presented group with generators x1, . . . , xn,
and defining relations xixi+kxi+ = 1, for i = 1, . . . , n (subscripts mod n). Suppose that
0 < k <  < n and gcd(n, k, ) = 1. Then Gn(k, ) is aspherical if none of the following
conditions is satisfied:
(1) gcd(n,  − 2k)+ gcd(n, k − 2) + gcd(n, k + ) > n,
(2) n = 6 gcd(n,  − 2k) and 6 divides 2 − k or k + ,
(3) n = 6 gcd(n, k − 2) and 6 divides −2k +  or k + ,
(4) n = 6 gcd(n, k + ) and 6 divides 2 − k or  − 2k.
In this case, Gn(k, ) is torsion free, and if it is non-trivial, then it is infinite.
The following arises in a natural way:
Problem 4.4. Find necessary and sufficient conditions on the parameters for the asphericity
εof the groups Gn(m,k,h) in the general case.
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